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18. Grand-canonical stability

Grand-canonical setting:particlenumber can
change, but notthe (finitel volume

of the system.

Hr=(-xe) + rea enginesses
-E
c=1(=(x=y(c)

on L? (O) *L? (M), o-bounded

#Grandecarovical ground-stofe energy
EC1) :=inf inf (4, HprY)

MN IEC(M
11411 =1

The
-
I grand-canonical stability)-

We hove

EC1) 2 - C(52)

Remark
-

This resultholds under move general
assumptions, where the messes and changes

ofthe particles can be different.



f
By comenical stability we have

Estrel enginesseEigen-mas
Notice we "borrowed" only half ofthe electronic

Kinetic energy.
For the restofthe kinetic

energy we use the Lieb-thirring inequality

for the following potential:

v4 =3 0 x -1

0 .

More precisely, we consider the kinetic LT inequality
but for a setoforthowound puntions supported
on

Tr(-6)?EkuK!SgH(Is
R

raise:proofthe last step

here in the rest step we used Jensen's inaguali)

e(Stim)-S yoftfor a comes
-R

and C,A,m) - probabilityspace. In particular, to
make it

a prob. space we needto normalite the measure



OS (0x =2 =) for Jensen
D 182/

Sg dx =

In Is In)(5)=
R

-(s) =lsse)* ↑

So we have

Trc-a)?rs)Y-I
This implies

( - 51:)? IslegalN
i=1

which leads to

Hm,n :I (M =wi) - C(m +N)

thus

Ela if (i (M+N) - (M-Ns)?-CI
E

Ease: proofleststep

(inms-cm)=esm"-c =0 =m =Ewi

=>M =G(l)
F



20. Bosonic instability
We will now show thatthe fermionic nature

of electrons is crucial for stability ofmatter.

Recoll

Ham =Esen-Eringst
i=1

and let

Es (MN) =ses inHawth
Remark:
-

We use the subscript B as for bosons. This is

because it is known thatthe ground state

on the full Hilbert space (CIP) is the same

es with restriction to bosonic symmety (I (n23).

Thm (N5' instability(=>

Let M =N andEx =1 UK. Then

- CN = Ep (M,N) = - c-p5's

for a constantCC0 independent ofN.

Remark:
-

lower bound:Dyson andLenore 1967, upper:Lieb 1975.



Pof:
-er nd
By Baxter's electrostatic inequality

-

2 game? -I
i=1k=1(xi -R)1ijIN i=1D(,xi)

where DC)=min (x-R21. thus
12km

Hm.n? -x-s
i =1

thedesired inequalityfollows from the estimate

(*) - -?-ci on wi

We shall now prove (). Recoll the CLR bound:

W( -x +x) =c(IV- 12
IR

where NC-DN) is the number ofnegative eigenvalues

of-+ VG. thus, if part is such that

inT-in?Or do as
then there eve no negative eigenvalues and thus

-
-+M40.

we haveBy theownerofastieir] e



=Nblie)"or-civ
Eercise:chade lost equality

=((,inso)) =bit)an
IX

-DidhermusicInterrorsare
E

Thus the condition (NA"Go is sofisfied
when -N2s which proves (A).

Set
a product trialfuncioin

↑(x.., (r) =((e) ... ((xw)
when ELCRY) is normalized. Then

Eis(B,N) =<u*, Hm4*N) N)Ina2+
IR

- isIS eugs" erg - NES-I(x -y| =123 L-Ricl esk IR, -Rial

Eese: Show (A).



Solution:

First term:

<Or, (- :)4N =N(x() ....(r), (ya(r)(n)...ser)

=NS (r) 7x cxx) (er)).-- Itll drox..of
=NS [41-buce) =NSIoa

Secondterm:

<nor, 2 1 wor):I <aEr,*r=icj (x,rzj) icj

=" SiSove Micell" (ISMGII... Incense.....
A - x= 1

= ⑭"S innellas
and so on.

#

This upper boundholds for any choice ofnuclear

positions 3RuS Hence, we can average over bays.

First try

Integrate the inequality (A) against
luCR, 3 1 InsPell.--(aCRwCl2 dR....dRN, RIEIR.

We obtain

E (M.N)
-
NSID12 +NSS

lest In
-> dedy1x-37

Ircces12 In(R) 12
-

- NESS
-R.

OOR
+NSede ORR, bIR.131123

1 R. -R21



= N() la-ogres C

this leads to the upper bound Ep (M,N) ? -CN.

secondt
We divide the support ofinto N disjointsets

↳ Ruh, such that S le12 =i XR =1....,N

Ru

We then integrate) against
IN ICR,312) ... (NICRNSI) OR... RN, RER

toobtain

Ep CM, NC - NSIDUR,NS and

-SdeSpulse +SSeastande
A

-SS elullin Iall went j1R,-R21

↑mins diagonal ones

- NSID - N2S Standse=1 D Ru

We choose the support ofa to be a cube [0,17

then any
set the has diameter has. This gives



123 S lesses =nSSy
de Ra da en (rswisdsE

Moreover, ifa behaves as a constant inside its support,

then HDMI. & L(the spected gap ofthe Loplosion). Thus

Ep(M, n) =NSSMa-NCa
- -

-N5

Choose

t
her Nos

E

Note that the theorem above we ignored the kindic

energy ofthe nuclei. Since this is a positive term,
in principle this couldhelp andgive stability. It

trans out thatin thatcase we don't here stability

either. Judea, for

H =Ecer) -Go -mentinein Fra
on 2" (1RGN) we define

Ep (N) =inf <N,Hpt).
114K=1

then the following theorem holds:



thm (NT'sinstability)-
-

We have

Sir E =inien
=

Du -I. incept) dx

where
I=()-re

#

Remarks
-

·Ident 5
·supper bound -or -Dyson (1966)

3) lower bound-2p45-Conlon, Lieb, Yau (1988)

i) exed constant by Licb.Solg(2004, lowers

andSolove;(2006, upper) resing Bogolinbov theory.


